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Abstract 

Computation of the holomorphic Fi-function describing one-loop gravitational 
couplings of vectormultiplets is shown to confirm string-string duality of the 
proposed dual pair consisting of the heterotic string on K3 X with gauge 
group U{1)^ and the type IIA string on the Calabi-Yau WPfi 2 8 12 (24)- 
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In the course of estabhshing finer tests of string-string duahty IQ^H] 
agreement was found to some orders [|lT| resp. analytically when comparing the 



holomorphic Fi-functions - describing one-loop gravitational couplings of vectormul- 
tiplets - for the heterotic string on x with gauge group U{1)^ and the type 
IIA string on WPfi2 2 6i^'^) ■ Here I extend this result to the other main example of 
heterotic string on K3 x with gauge group U{iy (now with both 
toroidal moduli T and U free and no longer restricted to the diagonal) and the type 
IIA string on W P,\,^,^,,i2A) 



The defining polynomial of WPf^ 2 s 12(24)3^43 is 



p = zf^ + zl^ + 2:3^ + zl + z'^ + aoZiZ2Z3Z4Z5 + ai{ziZ2Z'iY + 0-2(^1-^2)^^ , 



which shows already the deformations of the mirror Calabi-Yau with uniformizing 
variables at large complex structure^ 

2 1 

X = — ^V't^Vi, y = z = --tpi^tp2 ■ 

4 

For later use let us also record the inverse relations 



ijjo ^ y 24(x^2;) 12 

Like [|13[ I will use discriminant factors shifted compared to 0,|[T^(we are in the limit 

Ai = y-\^^r 

A2 = y-\x^z)-\{l - x)^ - x^zy 
A3 = — ^ y . 

y 



In the limit y the mirror map is given byQ [Q, |T6 

— ^ J ^ ^ X — ^ Til n 

X = ^===j=== = q^+ ^ a„„gi 

jf^ + y j{j — (^)y f^[f^ ~ Ct) m+n>l 

y = (l2fy{qi,q^) + 0{ql) = 92 ^ OmnqTq"^ + 0{ql) 

m+n>l 

a 1 

z = {l,f-r-2 =93+ E b^nqTq^,. 

J'^-^ m+n>l 



use also the parameters oq — —12^q, ai = — 2'0i, = — ^"2 and x = jx, y = 4y, z = 4z, where 
a^j{i) = 1728. 

^Here qi := qr, 93 := qu/qr] j := j{iT), k := j{iU). 
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One has ti = tr = iT, t2 = imS, H = tu — It-, tu = iU; so q2 = e where S is the 
tree-level dilaton of the heterotic string, and y = e~^'^ ^""^ with the modular invariant 
dilaton IU, [O]. 



Now on the heterotic side at weak coupling one has P|,pC 



F,'^' ~ l0g[y-"(j - ky{7]-\tT)7]-\tu)r] 



with a = 2 and 



7 = 



where 528 = bg^av = 48 - x [H ^nd 528 = 22 ■ 24 = 44 ■ 12 with 7 = 44 and (3 
Namely in 



phet ^ 24S- + ^^-2.log{j-k)-^-^.^.logv'mv'm 

6 , r 2/- 1 \ - ( —2/ ■rp\ — 2/-''T\ \ '^Srav/'^ , 



■ iog[rij - k)-^{r'mr'm)^^] 



47r2 

one has two additional factors of 2 relative to the situation in the diagonal T=U-model0 



of |]TT|,IM, where 



pHet ^ 24^- + ^log(j-«)-|^ log r^^(zT) 

6 , n 9, , , 1 _9 , . bgrav ., 



47r2 

The first factor of 2 comes from the different (generic) pole order of log(j — k) in 
log(T — U) compared to that of log(j — a) in log(T — 1), the second one from the 
fact that the one- loop quantity /i*^^^ (cf.[|10|,lll|]) has weights (-2,-2) in T and U up to 
a quadratic polynomial, so one needs for modular invariance ^^^\og{r]'^{iT)7f{iU))'^ 
with the weight (2,2) quantity inside the logarithm. 

On the Calabi-Yau side one gets from the holomorphic anomaly of Fi that up to 
an additive constant (cf.[0 , [|13|, fl^ ) 



ujQ d{T, S, U) 



■'Note that in the process of restriction to the diagonal the possible symmetry enhancement at 
T = U = pis lost as after the step U{1)^ SU{2) x C/(l) is done the SU(3) is out of reach. So the 
results in the two parameter model are not a simple truncation of the case considered here. 
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with a holomorphic function / and the fundamental period luq = [E/^{T)E/^{U))^i . Note 
that tPq/ojq is regular and 7^ at ^/'o ~ since one has ipo ~ {jky^ ~ (-E'4(T)i?4(f/)) 4 
as far as the behaviour relevant here is concerned. So / is of the form / = A^A^AfipQ. 

At first sight the form of these factors of / looks as if here additional enhancements 
besides the diagonal one ( and its further ramifications ) known from the heterotic side 
could occur, but in view of the crucial relation^ A1A2 ~ (j — fc)^ we just arrive at the 
prediction that one must have a = b . 

Now one has ~ ^/'cr^V^r^V^2'^ and ~ vixuZr - xtZu), where xt = 

. _ ^ _ ^ ■ . 1 . and ZT = -'^z - 2z~^, so with the relation 

Jt ~ i(i ~ a)-E4 it follows that 

a(V'o,V'i,^2) ,7 ,2 ,2- ^ ■ , j -k 



d{T,s,u) -u.i...^.^.. ^y^(^/K73^ 



__3 j - k 2 , 



0- 



The behaviour of the jacobian near i/^o = restricts c to 3 because (up to the y- 
dependence ) the jacobian behaves there in ipo as (j — A;)('?/^o^)~2-?/'o'^o- 

So one is led to 

F/^ = log[y-P+(^+"+^+'^)](a;g)-^^(jfc)^(j - ~ ^'' y^] . 

To determine a, b, d let us at the large radius limit compare this to the topological 
intersection numbers. In the two steps t/ — 00 ( ^ ^ — * ) and then T ^ 00 , one 
has (up to the y-dependence and numerical factors) 



j — k k k 
1 1 



X 



so 



3 + yjU - ") ^ 

-z ^ -z 

jk 

A2 ^ ^ ^ jA: ' 

z^ 



^Cf. the direct computation in the Appendix; a conceptual argument can also be given (cf. also 

I!)- 



4 



which gives for the large radius hmit 



2'jii 5 

■[(24 + 12(- + a + b + d))t2 + (44 + 12(26 - 2a))tT + (44 + 12(1 + 2a + 26))%] 



12 '6 

[(24 + 12(- + a + 6 + rf))t2 + (2 ■ 44 + 12(1 + Ah))ti + (44 + 12(1 + 2a + 26))t3] 



12 '6 
Now compare (as [jl3[) this withQ 



27ri, J-2D-E J-E ^ 

■\C2- Jti + C2 t2 + C2 ■ h\ 



12' 4 

where [|T5| J is the hyperplane class of weight 4 (cf.[0]), L the ii's-fibre belonging to 
the linear system of degree one polynomials, D the elliptic ruled surface of the resolved 
singular curve and E the Hirzebruch surface of the resolution of the special point on 
the singular curve. Now(cf.[p^]) C2 ■ X = C2(X) — X^, so with C2 ■ L = 24 — 0, C2 ■ -D = 
— 0, C2 ■ -E = 4 — 8, one gets a = b, a = —1/6, d = —1/2, i.e. (using j = El/rf'^) 



Fl' = log[r^(^o')-22(jA:)fi(j-A:)i+^1 
which matches the actual heterotic values. 

To get also their cohomological meaning just note (besides the direct observation a = 
Xi<'3/12) that you get from the general ansatz in q;,/5,7 that^ 

(c + 1 - :^)(12^ + 2) = 12/5 + 27 = C2 ■ J = Axk3 + C2{E) - E^ = ^xkz + 2xpi - 4xpi 

= 2 ■ 2[xKz - XpO + 2xpi = 2(4 - ^) + 2xpi , 

so indeed i = ^ (and f = ^ ■ = 2i|:aas7 = c+ l- ^ = ^). 

This agrees with the meaning of the numbers on the heterotic side. 

Acknowledgements: I would like to thank E. Derrick, G. Lopes-Cardoso , D. Liist 
for discussions. 



^Note that in Q (A. 38) you have to read \<u, l^"^^ + 2/^'^) > in front of e^* and to overcross in 
the identification of —e^* , —e^^ and ho , hs- 

^In the last transformation of the foUowing equation series I use that (because of the K3-fibration) 
one has x = (Xp^ - 24)xif3 + 24(0 - 1 + Xpi + 1) so -y^ = -4 + 2x^3 - 2xpi; here the +1 comes 
from the possibihty of having Z3 = Z4 = zs = and the — 1 + xpi from the replacement of the special 
point of the elliptic curve by the base of its resolving Hirzebruch surface. 
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Appendix 



The relation J Ai sqrt A2 ~ (j — is shown: 



1 — z (1 — x)"^ — x^z 

^ — 4^ — 

z x-^z 



j + k-a + k-af- {jk + ,Jj{j - a)^Jk{k - a)f 

jk + -a)^k{k-a) jk{j + k-a)^ 

. {jk + yJjU - a)^k{k -a)- f (j + k- a)f _ ^ 
^ {jk + sjj{j-a)sjk{k-a)y ^jk 

j + k-a + fc^ - a{j + k)- 2^j{j - a)sjk{k - a) ^ 

^ 3k + ^j{j-a)^k{k-a) {j + k-af 



., Mjk + - Oi)sJk{k - a) - f (i + A; - a) 2 r—. 

a o? 

3^k-a ^^^ ^j{j-a)-^k{k-a) ^^ ^ 

jk+Jj{j-a)Jk{k-a) j + k-a 



^.^^^ j + k-a j{j -a)- k{k - a) ^2 ^ 

jk + ^jU - a)^k{k - a) {j + k- a){^j{j - a) + ^Jk{k - a)) 



-[2jk + 2^j{j - a)^k{k -a)- a{j + k)] 

j + k-a ^2^ {j - k){j + k - a) ^2 ^ 

jk + ^Jj{j - a)^k{k - a) {j + k- a){^j{j - a) + ^k{k - a)) 

[2jk + 2sjj{j - a)^k{k - a) - a{j + k)\ 

i^j _ kfjk{ J + k-a ^2 ^ 

{jk + ^Jj{j - a)^k{k - a)){^j{j - a) + ^Jk{k - a)) 



[2jk + 2^j{j - a)^k{k -a)- a{j + k)] 

{J - km , . ^—r X 

{jk + k{k - a))^j{j -a) + {jk+j{j - a))^k{k - a) 



[2jk + 2Jj{j - a)Jk{k -a)- a{j + k)] 
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k^JjU - a) + j^Jk{k - a) 
1 



y X [2jk + 2^j{j-a)^k{k-a) - a{j + k)] 



X 



k{j - a) +jik - a) + 2^j{j - a)^k{k - a) 
[2jk + 2^j{j-a)^k{k-a) - a{j + k)] 
= U-kf. 

Here in eoiner to the fourth hne the relation ^ii::^ = was used. 
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